
1

Determining Link Weight System under Various
Objectives for OSPF Networks using a Lagrangian

Relaxation-based Approach
Shekhar Srivastava, Gaurav Agrawal, Michał Pióro†, Deep Medhi∗
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Abstract— An important traffic engineering problem for OSPF
networks is the determination of optimal link weights. Certainly,
this depends on the traffic engineering objective. Regardless,
often a variety of performance measures may be of interest to a
network provider due to their impact on the network. In this
paper, we consider different objectives and discuss how they
impact the determination of the link weights and different perfor-
mance measures. In particular, we propose a composite objective
function; furthermore, we present a Lagrangian relaxation-
based dual approach to determine the link weight system. We
then consider different performance measures and discuss the
effectiveness of different objectives through computational studies
of a variety of network topologies. We find that our proposed
composite objective function with Lagrangian relaxation-based
dual approach is very effective in meeting different performance
measures and is computationally very fast.

Index Terms— OSPF Networks, Traffic Engineering, Link
Weight system, Optimal routing.

I. I NTRODUCTION

Link-state routing protocols such as OSPF (Open Short-
est Path First, [19], [20]) and IS-IS (intermediate-system-to-
intermediate-system, [5]) are commonly deployed as intra-
domain routing protocols by Internet service providers. In
OSPF (or IS-IS), each node finds all shortest paths for every
destination based on the provided link weight system. With
the equal-cost multi-path (ECMP) mechanism, all the traffic
coming to a node (originating and transiting) having the same
destination is aggregated and split almost equally amongst
the outgoing links which are on the shortest paths to the
destination. Note that OSPF splits traffic among the outgoing
links (not paths) of the shortest paths for a source-destination
pair.

Recently, there has been a growing interest in the problem
of efficient engineering of an intra-domain IP network using
OSPF [11], [22], [23]. Such initiatives aim to tailor the link
weight system based on the expected traffic demand so as to
ensure efficient use of the network. By adjusting the weight
system appropriately, demand can be carried by operating the
network at a proper utilization level with reduced end-to-end
delay, hence obviating the short-term need to add additional
capacity to the network. Moreover, it gives the operators a
way of controlling the network by manipulating weights of
links. Typically, such a weight adjustment mechanism is more
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suited as anofflineoption. Based on projected demand volume,
network bandwidth and network goal, an off-line mechanism
computes an optimal weight system which is communicated
to the routers. Such mode of operation, on one hand, gives the
operators more control over the behavior of their network and,
on the other hand, makes it possible to use fairly sophisticated
algorithms for the computation of better link weights. In this
backdrop, we present our work as further exploration of OSPF
weight system as off-line calculation mechanism.

Historically, IP networks using OSPF have been engineered
based on simple rules of thumb. An approach recommended
by Cisco [6] was to set link weights as inverse of link capacity.
The idea was that the links with slower rates should get less
traffic and the ones with higher rates can handle much more
traffic. An explanation of this weight can be made based
on the M/M/1 queueing model; the average packet delay
on a link based on the M/M/1 queueing model is given by
1/(c−f), wheref is the flow on a link (“link load”) andc its
corresponding (normalized) capacity. If a network is designed
to have low utilization values, thenf ≪ c, and therefore, the
delay1/(c−f) ≈ 1/c. Thus, in such situations, weights based
on inverse of the link capacities can be suitable. Although
fairly simple and intuitive, such an approach does not account
for the expected traffic or when the link load is non-negligible
compared to the capacity of the link.

A. Related Work

There have been several recent studies of the OSPF link
weight determination problem. An early work was by Fortz
and Thorup [11] where the authors have used a piece-wise
linear approximation as the link cost function to account for
delay and discussed the performance and complexity issues of
the problem. They have presented a local-search heuristic.For
their study, they have considered two networks one with 90
nodes and 274 links, and the other with 100 nodes and 360
links. They showed that a weight system designed based on
expected traffic pattern performs much better than the weight
system based on inverse of link capacities. They also showed
that, for arbitrary weights in the worst case (for the assumed
link cost function), delays for an OSPF network could be 5000
times higher than that of a network using optimal routing;
they concluded that, to avoid such a pitfall, weights shouldbe
determined based on expected traffic. The computing time for



their heuristics to compute weights was about an hour for the
100-node network. Ericssonet al have presented a genetic
algorithm based approach in [9]; they have used a similar
objective function and same networks presented by Fortz and
Thorup in [11]. The gap between the solution proposed by
Ericssonet al and the lower bound was reported to be larger
than the corresponding gap for solution provided by Fortz and
Thorup; however the computing time for the genetic algorithm
was between 10 to 40 minutes.

In a work independent to the above work, Pióro et al [22]
have shown that finding a weight system is NP-Complete
even for a single demand. They have presented heuristics
that are based on weight adjustment, simulated allocation and
simulated annealing approaches. For a network with 56 nodes
and 208 links, the computing time for simulated allocation is
reported to be approximately 54 minutes. Harmatos has pre-
sented an iterative heuristic in [14] where the author considers
the same networks presented in [22]. The author has shown
that the heuristic is successful in finding better solutionsthan
the randomized optimization heuristics presented in [22] and
comparatively in much less time than most of the heuristics,
especially for the 56-node network.

Wang et al [27] have shown that any given set of optimal
routes can be converted to shortest paths with respect to a set
of positive link weights and link weights can be calculated
by solving the dual of a linear programming formulation;
the relation of dual solution to link weight has also been
independently discussed in [1] and [22]. Ramakrishnan and
Rodrigues [23] have proposed a combinatorial approximation
algorithm. They have considered minimization of the average
delay of packets in the network as the objective function. The
authors have shown that their solution gave results within 0.5%
of the optimal solution for the general routing problem for a
16-node sparse network.

Some recent works [3], [4] address the OSPF link weight
problem by avoiding multiple shortest paths. [4] have pre-
sented a branch-and-cut algorithm by maximizing the min-
imum residual capacity as the performance criterion and
reported results for networks with 9 nodes and 15 links. Bley
[3] has presented an integrated formulation for designing a
cost minimal IP network design problem (as opposed to the
traffic engineering problem) that uses non-bifurcated shortest
path routing. Results are reported for networks with up to 36
nodes, with computing time of 23 minutes.

It may be noted that most of these works consider only
a particular objective function. Furthermore, while each work
uses different computing platforms, the computing time is still
noticeably significant as the number of nodes and links grow.
In this paper, we consider three different objective functions
and their impact on traffic engineering of an OSPF network.
Furthermore, we present a Lagrangian-based dual approach for
determining link weight while incorporating ECMP allocation
and integer weights. As we report later in Section V-D, our
approach is very fast in solving large network problems with
good quality solutions; for instance, the computing time of
our algorithm for a network with 100 nodes and 579 links is
often less than a minute on a standard pentium-based computer
while meeting a duality gap of 0.5%.

B. Scope of the paper

In this paper, we consider three objectives: i) minimization
of total link flow, ii) minimization of maximum link utilization,
and iii) a composition of the first two objectives. We also
present a new solution approach based on the Lagrangian
relaxation-based dual method to determine the optimal weight
system; two key aspects about this approach are that 1) equal-
cost multi-path (ECMP) is incorporated into the core of this
approach, 2) the Lagrangian relaxation-based dual is used for
link weight determination rather than the typical application of
the such dual approach to obtain the primal solution through
dual. Furthermore, we address how to obtain an integer-based
weight system. We have tested our algorithm on large networks
to show that it is a viable approach. Through computational
studies, we demonstrate the effectiveness of the Lagrangian
relaxation-based heuristic. Furthermore, we identify a set of
performance measures that might be of interest to service
providers, and report how these measures are impacted due
to different objective functions.

The paper is organized as follows: In Section II, we define
the OSPF weight system problem. In Section III, we present
and discuss various possible objective functions. Next, in
Section IV we present our approach based on Lagrangian
relaxation and dual optimization. In Section V, we present
numerical results for experimental networks and randomly
generated networks.

II. PROBLEM DEFINITION

We consider an OSPF network where the traffic volume
from an ingress router (source) to an egress router (destination)
is given. Note that such traffic volume data can be determined
from operational networks; see [10], [28]. In our case, we use
the termflow to refer to the total traffic volume between an
ingress node and an egress node, either sent on the shortest
path, or split over multiple shortest paths using ECMP. Follow-
ing [22], we first give a general framework for OSPF routing
flow model using a link-path based multi-commodity flow
formulation. This formulation inherently distinguishes flows
between source-destination pairs whereas OSPF distinguishes
flows based only on destinations. It has been shown in [25]
that if we are distributing flows over shortest paths, it doesnot
make any difference since the segments of shortest paths are
also shortest paths. In other words, if source nodesA andB
have a shortest path to nodeZ which goes through transit node
T , path segmentT -Z is also the shortest path fromT to Z.
Hence flow fromA andB (multiple sources) toZ which meet
atT will stay together afterT all the way tillZ. That is, we can
be assured that any two flows having same destination meet
only once and then stay together. Such a property allows us to
use path based formulation and still ensure that the destination
based forwarding of OSPF is captured.

We denote the link weight system byw = (wℓ, ℓ ∈ L)
where wℓ is the weight of link ℓ; note that our goal is to
determine this link weight system (see Table I for the list
of notations). The space of the weight system is defined as
W, whereW = {w|wℓ ∈ {0, 1, 2, . . . , w}}; here,w is the
maximum allowable value. It may be noted that while OSPF



N : Set of nodes in the network
D : Set of origin-destination demand pairs in the network
L : Set of links in the network
Pd : Set of candidate paths for demand pairsd ∈ D
cℓ : Capacity of linkℓ ∈ L
hd : Traffic demand volume for demand paird ∈ D
δℓ
dj

: Entries of link-path incidence matrix;1 if path j of
demand paird use linkℓ, 0 otherwise

wℓ : Link weight of link ℓ ∈ L
bℓ : unit cost of flow on linkℓ ∈ L
yℓ : link flow (load) on link ℓ ∈ L

TABLE I

NOTATIONS USED IN FORMULATION

allows the minimum value of the weight to be 1 and maximum
to be 216 − 1, IS-IS allows the minimum to be 0 and the
maximum to be 63 (which has now been extended to224−1).
Note that it is important to have enough paths in the setPd

such that for any given weight systemw, there are no shortest
paths at optimality that is outside the setPd. Hence, fairly
large number of candidate paths need to be pre-computed.
However, we can circumvent this computational overhead by
using path-generation based techniques which can add relevant
paths in an iterative fashion; for details, see [8].

We define flow allocated to pathj ∈ Pd of demand pair
d ∈ D due to the chosen weight systemw by xdj(w). Note
that flows are allocated to pathsPd while honoring the ECMP
principle. That is, based on the given weight systemw, we
first find the set of all the shortest paths (subset ofPd); these
shortest paths are allocated flows based on the ECMP rule.
Flows on different paths dictated by weight systemw need to
satisfy the following system:

∑

j∈Pd

xdj(w) = hd, d ∈ D, (1a)

∑

d∈D

∑

j∈Pd

δℓ
dj xdj(w) ≤ cℓ, ℓ ∈ L (1b)

w ∈ W. (1c)

The first constraint refers to the fact that paths are to carry
all the demand volume for a demand paird ∈ D. The second
constraint is to ensure that the flow on a link does not violate
the capacity constraints. This system implicitly assumes that
the network has the capacity to carry all the demand for
a link weight system; otherwise, the above system will be
infeasible. The unknown in the above system is the weight
systemw; given this weight system, values forx(w) can be
obtained. We refer to the above system as (PA). It is important
to note that the system shown in (1) isnot a set of linear
equations/inequalities due to the functional dependency of x

on weight systemw. For convenience, we will also denote the
expression on the left side of (1b), i.e., the link flow on link
ℓ, by yℓ.

III. O BJECTIVE FUNCTIONS

In this section, we present three objective functions which
can address the goals of interest to backbone service providers.

A. Objective Function–A

Consider the objective function that minimizes the used
capacity in the network. This objective was used in [22]. Incor-
porating this objective, we can write the following formulation
(PA1):

F 1 = min
{w}

f1(w) =
∑

ℓ∈L

bℓ

∑

d∈D

∑

j∈Pd

δℓ
dj xdj(w) (2)

subject to

∑

j∈Pd

xdj(w) = hd, d ∈ D (3a)

∑

d∈D

∑

j∈Pd

δℓ
dj xdj(w) ≤ cℓ, ℓ ∈ L (3b)

w ∈ W. (3c)

This formulation attempts to allocate most demands to
(closest to) minimum hop paths, based on unit costbℓ, subject
to capacitycℓ. The main difficulty with this objective is that
at optimality, a link can still have 100% utilization which is
not desirable in an OSPF network due to queueing delay.

B. Objective Function–B

In order to avoid the problem faced by the first objective
function, utilization on any link in the network is desirable
to be as low as possible. This can be achieved by minimizing
the load of the maximum utilized link. This objective has been
known in the literature for sometime (for example, see [2]).
We definet(w) as the maximum link utilization when flows
are allocated based on ECMP-based shortest paths, dictated
by weight systemw. The goal is to minimizet(w). We refer
to this formulation as (PA2).

F 2 = min
{w}

f2(w) = t(w) (4)

subject to

∑

j∈Pd

xdj(w) = hd, d ∈ D (5a)

∑

d∈D

∑

j∈Pd

δℓ
dj xdj(w) ≤ t(w) cℓ, ℓ ∈ L (5b)

w ∈ W. (5c)

Note that this formulation can avoid the short-comings of
the first objective function but can introduce its own. For
example, a demand could choose an extremely long path and
increase the overall capacity usage of the allocation. Although,
low value of link load/utilization leads to smaller delays on
each hop, the end-to-end delay could still be noticeable if a
path consists of many links.



C. Combined Objective Function

By considering the objectives described in the previous sub-
sections, we construct a composite objective function which
combines the benefit of minimization of total flow and the
goal to reduce maximum link utilization. We introduce scaling
factor α (> 0) to the first objective function (2) andβ (> 0)
to the second objective function (4) to construct the new
objective. We refer to the formulation with the new objective
as (PA3).

F 3(α, β) = min
{w}

f3(w, α, β)

= min
{w}

α
∑

ℓ∈L

bℓ

∑

d∈D

∑

j∈Pd

δℓ
djxdj(w) + βt(w)

subject to
∑

j∈Pd

xdj(w) = hd, d ∈ D (6a)

∑

d∈D

∑

j∈Pd

δℓ
dj xdj(w) ≤ t(w) cℓ, ℓ ∈ L (6b)

w ∈ W. (6c)

Note that by tuning values ofα and β, we can control
the importance given to one (hop-count) or the other (link
utilization). However, there is a difference of scale in the
values ofα andβ. On one hand,α is multiplied to the total
flow in the network which is many times the total network-
wide demand volume; on the other hand,β is multiplied to
the load of maximum utilized link which is between zero and
one. Hence, choosingα and β close to each other, or larger
values ofα will make the composite objective function behave
like the first objective function. Choosing very small values of
α and very high value ofβ will make the composite objective
function behave like the second objective function.

To summarize, we have presented a composite objective
function by combining two objectives that can be useful to
service providers for engineering OSPF networks. There is,
however, a difficulty with all the three formulations—they are
not mathematical programming problems due to functional
dependency ofxdj(w) on link weight systemw that can
not be stated explicitly. On the other hand, if we ignore
the dependencyw, then the resulting problems with just
flow variables,xdj , are linear programming problems; then,
optimal objective function values to these linear programming
problems serve as lower bounds to the optimal objective for the
original problems since the dependency onw can be thought
of as another set of constraints. It may be noted that problems
(PA1), (PA2) and (PA3) can be still considered as multi-
commodity flow problems; in our case, they are represented
using the link-path formulation since we assume that the
candidate paths are pre-processed. The weight determination
problem, even for a single demand, have been shown to be
NP-complete (see [21], [22]). In the next section, we present
details of a decomposition algorithm for solving the above
formulations.

IV. D ECOMPOSITIONALGORITHM (DA)

Our heuristic approach is based on Lagrangian relaxation
and dual maximization using subgradient optimization ( [12],
[13]). It is important to note that the purpose here is to find link
weight systemw; this is different than the typical use of such
Lagrangian relaxation-based dual approach where the goal is
to determine solution for explicitly defined primal variables.
Furthermore, we need to make an adjustment that requires the
algorithm to allocate flows to the shortest paths mimicking
ECMP, as the iteration progresses. We describe our approach
for (PA3) while the approach is applicable to the first two
formulations as well. Briefly, here we optimize for variable
w; using the expression (14) for link weights as a guiding
principle, we determine the dual multiplierπk at each dual
iterationk; in turn, we computewk to serve as the link weight
in iterationk — this is then used to determine the flowxk

dj at
iterationk using the ECMP rule. This process is continued as
the dual multiplier is updated using the Lagrangian relaxation
framework.

Consider Lagrangian functionL obtained when capacity
constraint (6b) is relaxed:

L(w;π) = α
∑

ℓ∈L

bℓ

∑

d∈D

∑

j∈Pd

δℓ
dj xdj(w) + β t(w)

+
∑

ℓ∈L

πℓ (
∑

d∈D

∑

j∈Pd

δℓ
dj xdj(w)− t(w) cℓ).

Dual problem (D), corresponding to problem (PA3), is

sD = max
π≥0

g(π), (7)

where
g(π) = min

w∈W
L(w;π). (8)

Here, setW is given by

W = {w|
∑

j∈Pd

xdj(w) = hd, d ∈ D;xdj(w) ≥ 0;w ∈ W}.

(9)
The basic algorithmic structure to solve (PA3) is given in
Algorithm 1.

Algorithm 1 Decomposition Algorithm
procedure DA(h, G)

1. Initialize dual variableπ
2. Obtaing(π) based on the present value of the dual

variableπ

3. Update dual variablesw with a goal to solvesD using
subgradient optimization

4. Check for the convergence; if not converged, go to
Step2

A. Determiningg(π)

Determiningg(π) involves minimizing Lagrangian function
L when dual multiplierπ is given. Rearranging the Lagrangian



function, we arrive at

g(π) = min
w∈W















∑

d∈D

∑

j∈Pd

[
∑

ℓ∈L

(πℓ + αbℓ)δ
ℓ
dj ]xdj(w)

+(β −
∑

ℓ∈L

πℓcℓ)t(w)















.

(10)
Note that the evaluation ofg(π) depends on determining

xdj(w) and t(w) first. However, they can not be decoupled
(as would be the case in a standard Lagrangian relaxed based
dual approach) due to the direct relation between the values
of xdj(w) andt(w) through the link weight variablew since

t(w) = max
ℓ∈L
{
∑

d∈D

∑

j∈Pd

δℓ
djxdj(w)}. (11)

Consider setΠ defined as

Π = {π|
∑

ℓ∈L

πℓcℓ = β}. (12)

Observe that whenπ ∈ Π, the co-efficient term oft(w)
in (10) vanishes and thus findingg(π) becomes independent
of the value oft(w); this then simplifies the minimization
problem. We can incorporate this restriction since at the
optimal solution to the original problem,π would naturally
satisfy the above constraint; this can be independently verified
through standard linear programming dual of the original
problem along with the optimality conditions. Thus, if we
consider (7) only for the values ofπ in set Π, that is for
the revised problem

sD = max
π∈Π

g(π), (13)

then flowsx(w) in minimization ofL in (10) can be allocated
to the paths which are shortest with respect to link weight

wℓ = πℓ + α bℓ, ℓ ∈ L. (14)

That is, any such allocation gives minimal value ofL(w;π).
In order for the procedure to work, we need to ensure that, at
every dual iterationπ satisfies constraint (12). Now, with the
disappearance of the second term in (10), we incorporate the
ECMP feature of OSPF (in every update of the dual iteration)
through appropriate setting of flow allocationxdj(w) based
on weights as given in (14).

In Algorithm 2, we present our implementation of the
ECMP algorithm for the link-path multi-commodity flow for-
mulation; this algorithm is invoked at every dual iteration. This
approach is derived from [9] which uses a node-link formula-
tion. At each dual iterationk, procedureECMP Allocation is
executed for every demand and is used for determining values
of x that follows ECMP allocation. We refer toPnr as the set
of all shortest paths from source noden and destinationr with
wℓ as link weights; this set is a subset of the pre-processed
candidate paths, and is thus readily available based on the link
weights. If a demand has only a unique shortest path, then we
do not need to execute this procedure, rather we can directly
allocate the demand to the unique shortest path.

Algorithm 2 ECMP Flow Allocation Algorithm (given de-
mandd with source nodes and destination noder and the set
of ECMP pathsPsr)

procedure EA (s, r, hd,P
sr)

Ssr = {ℓ ∈ L|ℓ is first link of pathP ∈ Psr}

h′ = hd

|Ssr|

for all ℓ ∈ Ssr do
n← otherend(ℓ, s)
flowℓ ← flowℓ + h′

if n 6= r then
Pnr = {P\{ℓ} |ℓ is first link of pathP ∈ Psr}
EA (n, r, h′,Pnr)

end if
return

end for

B. SolvingsD

Problem,sD as given in (13) is an optimization problem
over the set{π|π ∈ Π}. Functiong(π) to be maximized is a
non-smooth function; thus, we use subgradient optimization
approach [15] to solve dual problemsD. Suppose at dual
iteration k, we have the dual multiplier,πk. Then, we can
determinew

k using (14) which can be used for computing
g(πk). A dual subgradient,∆ = (∆ℓ) for g(.) can be
computed as

∆ℓ =
∑

d∈D

∑

j∈Pd

δℓ
dj xdj(w

k)− t(wk)cℓ, ℓ ∈ L. (15)

Dual multiplier, π, is updated as

πk+1
ℓ = max {0, πk

ℓ + γk∆ℓ} (16)

πk+1
ℓ ← πk+1

ℓ

β
∑

m∈L πk+1
m cm

. (17)

The second step is done to ensure thatπ ∈ Π. In the update,
γk is computed as

γk = ρ
g# − g(πk)

||∆||2
, (18)

whereg# is the lowest value of the feasible primal objective
function through iterationk. In our implementation, we set the
initial dual iterate as

π0
ℓ =

β
∑

m∈L cm

, ℓ ∈ L (19)

and setρ = 2. We reduce the value ofρ in half only
if the solution value does not change for 40 consecutive
iterations. We limit the maximum number of iterations to
1000. We estimate the proximity of the current point with the
optimal solution based on the value of duality gap computed
as ( g#−g(π)

g# ). When the value of duality gap is less than
ǫ, we stop the algorithm; otherwise, the procedure continues
until the maximum number of iterations is reached. In our
implementation, we have usedǫ = 0.005. An important point
is that we have assumed that allπℓ’s are not zero at any given
iteration—this ensures that the division in (17) is valid; this
assumption is realistic sinceπ needs to satisfy (12). Finally,



note thatπk+1
ℓ as computed in (17) is used for updating the

link weight (14) in the next iteration which is, in turn, used
in (10) to determine the ECMP flows.

Observe that the decomposition algorithm does not ensure
that the weights obtained at the end (referred to asw∗

ℓ ) are
integer valued. Since the OSPF protocol allows only integer
weights, we have used a simple heuristic rule to obtain integer
weights based on the solution of the decomposition algorithm
as follows:

w∗
ℓ = [w∗

ℓ ×G] , ℓ ∈ L. (20)

Here, G is a large positive integer, and[·] is the nearest
integer value obtained after round-off. After experimenting
with several values ofG, we found thatG = 1000 seems to
work particularly well in the sense that flow allocation was not
affected between the non-integer and integer weights derived
when this value ofG is used. Thus, all our results discussed
in the next section will be based on using integer weights
obtained from this scaling factor.
Remark The above decomposition algorithm, presented for
(PA3), is also applicable to (PA1) and (PA2). The main
difference is how the weight is selected in each dual iteration.
By using Lagrangian duality, as we have done above, it is easy
to show that instead of using (14), for (PA1), it becomes

wℓ = bℓ + πℓ, ℓ ∈ L, (21)

and for (PA2), it becomes

wℓ = πℓ, ℓ ∈ L. (22)

In addition, there is another important difference: in the case
of (PA2), the dual multiplier space is the same as (PA3) while
for (PA1), the dual multipliers need to be just the non-negative
space.

V. RESULTS

We have implemented the decomposition algorithm using
C++. A network provider is usually interested in a set of
measures (rather than just the lowest objective function value)
to see whether the network is engineered properly. The goal
of this section is to see how various performance measures
are impacted due to different objectives chosen, and whether
the algorithm performs well.

A. Performance Measures

In our study, we consider the following measures:

i) Maximum Link Utilization (ML) captures the utilization
of the link which is maximum loaded in the entire
network.

ii) Fraction of Used Capacity (FU) captures the total used
capacity in the final solution as a fraction of total capacity
in the network.

iii) Number of Overloaded Links(NO) refers to the number of
links which requires extra capacity to make the solution
feasible. This metric is important only when the obtained
solution is infeasible.

iv) Fraction of required Extra Capacity (FE) captures the
additional capacity required to make the solution feasible

as a fraction of total capacity of the network. This is only
relevant when the solution is infeasible.

v) Fortz-Thorup Function (FT) [11] captures the the total
congestion cost incurred where the cost per linkℓ is given
by

φℓ =



































yℓ for 0 ≤ yℓ

cℓ

< 1
3

3yℓ −
2
3cℓ for 1

3 ≤
yℓ

cℓ

< 2
3

10yℓ −
16
3 cℓ for 2

3 ≤
yℓ

cℓ

< 9
10

70yℓ −
178
3 cℓ for 9

10 ≤
yℓ

cℓ

< 1

500yℓ −
1468

3 cℓ for 1 ≤ yℓ

cℓ

< 11
10

5000yℓ −
16318

3 cℓ for 11
10 ≤

yℓ

cℓ

<∞.
(23)

The scaled (normalized) cost (
∑

ℓ∈L φℓ/ϕ) is the ratio of
total cost of current allocation (

∑

ℓ∈L φℓ) for the given
capacitated network as compared to the cost in case
the network was uncapacitated (ϕ). Observe that for an
uncapacitated network with convex link cost function,
cost is minimal when flows are allocated to hop count
based shortest paths.

The above five measures are often of interest to service
providers. We have also considered two additional measures:
the gap between the objective function of the original problem
and its linear programming relaxation, and the duality gap
between the dual solution and the objective value determined
based on the weights determined by our Lagrangian relaxation-
based dual approach; these “gap” measures are useful indi-
cators of the quality of the solution. We have found that in
almost all test cases we considered, these two gap measures
were less than a fraction of 1%. There are a few instances
where the gaps were about 6% when the maximum iteration
count for the dual iteration is reached. Thus, in general, the
convergence property is found to be excellent in determining
link weights that works with the ECMP principle. While there
have been several papers that present various heuristics for
determining link weights, heuristics do not contain enough
details to be able to accurately implement them; thus, no
numerical comparison is done with existing heuristics. In the
rest of our discussion, we will primarily concentrate on the
five measures that are of interest to service providers.

B. Network Study Cases

We have used three sets of test networks in our study.
The first set is based on well-known network topologies
(“experimental networks”) found in the literature; the second
set is based on generating random network topologies using
BRITE [17]; in the third case, large networks were used to see
the effectiveness of our decomposition algorithm in solving a
large-scale traffic engineering problem from a computational
point of view.

Demands volumes between all pairs of nodes are assumed to
be 100 Mbps each for the uniform case, while for the random
demand case 100 Mbps is used as theaveragedemand volume
for all the demand pairs. We then use the Fortz-Thorup linear
programming formulation [11] (i.e., without any link weight
computation) in an iterative fashion to derive the baseline
link capacities such that all the links have less than 67%



utilization. Networks with 50% additional capacity are derived
by multiplying the baseline capacity for each link by 1.5. In
the next subsection, we will primarily concentrate detailed
discussion for the first set of experimental networks, with both
uniform and random demand volumes. Then in the following
subsection, we will comment on random networks and results
for large-scale networks.

C. Study on Experimental Networks

The network topologies used in this study are taken from
already published literature [16], [26]. We consider four net-
works (Figures 1 to 4): EN-I has 12 nodes, 18 edges and
average nodal degree (ratio of number of edges to number of
nodes) of 1.5; EN-II has 6 nodes, 12 links and an average
nodal degree of 2.0; EN-III has 12 nodes, 25 links and an
average nodal degree of 2.08; EN-IV has 10 nodes, 26 links
and an average nodal degree of 2.6. Observe that EN-IV is
the most well connected network while EN-I is the least.
Recall that our formulation is based on using a set of pre-
processed candidate path list: for EN-I, EN-II, EN-III and
EN-IV, we have used 15, 6, 15, and 15 candidate paths for
each demand pair, respectively. It is certainly possible that
the true shortest path at optimality at least for some demands
are not included in the initially processed list; however, this is
unlikely when a large number of paths are considered to begin
with. Based on the convergence results observed (from “gap”
measures), the set of pre-processed paths is believed to be
sufficient. Certainly, a path generation technique can be used
to incorporate additional paths (see [21]) if the solution quality
were not acceptable; however, this is outside the scope of the
current paper since our goal is to see the effectiveness of the
composite objective function and the decomposition algorithm.

From our initial study, we have found that using the La-
grangian relaxation-based dual approach on the second objec-
tive function (i.e., Problem (PA2)) did not give feasible results
for almost all of the experimental networks when the baseline
capacity was used. This behavior is counter-intuitive since this
objective is to minimize the maximum link utilization. On
closer scrutiny, we found that the weight selection based onthe
dual solution, i.e., (22), along with the requirement onπℓ due
to (12) and the initial starting point forπℓ given in (19) leads
almost uniformly to zero for allπℓ’s at the end; consequently,
all paths are shortest paths since each link weight is zero; this
often resulted in allocations that violated capacity constraints.
Thus, in the rest of the discussion, we will present results for
(PA1) and (PA3).

We present values of various performance measures for
experimental networks in Tables II- V when uniform demand
volume is used. For each problem, (PA1) and (PA3), we also
include results for their linear programming (LP) relaxation,
denoted by (PAL

1 ) and (PAL
3 ), respectively. The LP relaxations

were solved using CPLEX. Following the layout of the results
presented in the tables, we discuss two types of comparison:
horizontal comparison (i.e., compare between LP relaxation
and the weight determination), and vertical comparison (i.e.,
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between two different objectives, and also increase in capac-
ity).

We start with horizontal comparison. We observe that for
LP relaxation with objective-A, (PAL

1 ), the maximum link
utilization (ML) is always 100% when the baseline capacity
is used (also true in some cases when 150% of the baseline
capacity was used); this is not surprising given the goal of this
objective and since an LP is solved. On the other hand, for
its counterpart (PA1) when the link weight determination is
done through the Lagrangian relaxation-based dual approach,
the measure ML does not always reach 100%—this can be
attributed to the fact that our weight selection is indeed
influencing the flow allocation on links in a positive manner.
When we consider 150% of the baseline capacity, solving
(PAL

1 ) still results in ML being 100% in two cases, while none
are violated when (PA1) is solved. This suggests that even
with objective-A, capacity violation can be avoided with our
link weight determination algorithm if the network capacity is
reasonably abundant.

Now consider the comparison between (PAL
3 ) and (PA3),

i.e., the case between LP relaxation and our algorithm when
the composite function is used. We note that ML increases,
but FT-value is not significantly higher. Thus, this suggests
that the Lagrangian relaxation-based dual approach can arrive
at a good solution.

When we compare vertically, i.e., (PA1) and (PA3), we see
that ML decreases with the composite objective, and the FT-
value decreases as well. This is more pronounced when 150%
of the capacity used. We can infer that the composite objective
with the Lagrangian relaxation-based dual approach is quite
powerful in generating link weights without compromising
different measures.

To avoid any possible artifacts due to uniform demands,
we have also used the same networks with random demand
volumes. The results are reported in Tables VI - IX. We
observe a pattern similar to the case when uniform demand
volume is used ruling out the possibility of any artifact.

It may be noted that in both sets of studies above, we
reported results only for a certain combination of(α, β) for
(PAL

3 ) and (PA3). In actually, we have tested a variety of



TABLE II

RESULTS FOR(PA1) FOR EXPERIMENTAL NETWORKS (WITH UNIFORM DEMANDS)

(PAL

1 ) (PA1)
ENs ML FU FT ML FU FT F/I(NO, FE)
EN I 1.00 0.66 3.84 0.87 0.66 2.41 F(-)
EN II 1.00 0.67 3.62 0.89 0.67 2.52 F(-)
EN III 1.00 0.65 4.51 1.04 - - I(1,0.001)
EN IV 1.00 0.66 4.51 0.99 0.66 2.87 F(-)

TABLE III

RESULTS FOR(PA1) FOR EXPERIMENTAL NETWORKS FOR50% ADDITIONAL CAPACITY (WITH UNIFORM DEMANDS)

(PAL

1 ) (PA1)
ENs ML FU FT ML FU FT F/I(NO, FE)
EN I 0.80 0.44 1.62 0.57 0.44 1.51 F(-)
EN II 0.87 0.45 1.79 0.59 0.45 1.53 F(-)
EN III 1.00 0.43 2.36 0.75 0.43 1.53 F(-)
EN IV 1.00 0.44 3.12 0.68 0.44 1.52 F(-)

TABLE IV

RESULTS FOR(PA3) FOR EXPERIMENTAL NETWORKS (WITH UNIFORM DEMANDS)

(PAL

3 ) (PA3)
ENs (α, β) ML FU FT ML FU FT F/I(NO, FE)
EN I (0.5, 4) 0.79 0.66 2.49 0.82 0.66 2.41 F(-)
EN II (0.9, 32) 0.67 0.67 2.00 0.67 0.67 2.00 F(-)
EN III (0.5, 1024) 0.67 0.67 2.09 0.80 0.66 2.26 F(-)
EN IV (0.9, 64) 0.74 0.66 2.37 0.84 0.66 2.44 F(-)

TABLE V

RESULTS FOR(PA3) FOR EXPERIMENTAL NETWORKS WITH 50% ADDITIONAL CAPACITY (WITH UNIFORM DEMANDS)

(PAL

3 ) (PA3)
ENs (α, β) ML FU FT ML FU FT F/I(NO, FE)
EN I (0.5, 32) 0.53 0.44 1.49 0.53 0.44 1.49 F(-)
EN II (0.5, 32) 0.45 0.45 1.49 0.45 0.45 1.49 F(-)
EN III (0.5, 1448) 0.47 0.44 1.52 0.53 0.45 1.56 F(-)
EN IV (0.5, 64) 0.50 0.44 1.49 0.64 0.44 1.50 F(-)

combination ofα andβ, and reported a specific combination
to show that we observe a better behavior. We did not find any
specific pattern regarding deciding onα andβ; that is, it is not
possible to easily determine a rule of thumb on pickingα and
β (except for the obvious extreme cases that were discussed
earlier in Section III-C). Since computational time required
for running our algorithm is minimal (see next subsection),a
user can run a series of values and choose a combination that
works the best depending on the importance of the goals as
indicated by the measures.

D. Study on Random Networks and Large-Scale Networks

We have also conducted studies on two additional cases.
In the first case, we have generated random ten-node network
topology using BRITE with different nodal degrees (i.e., dif-
ferent link connectivity) and compared (PAL

1 ), (PA1), (PAL
3 ),

and (PA3). We found the behavior to be similar to experimental
networks.

In the second case, we generated large network examples to
gain insight on computational time. Our computation was per-
formed on a pentium-4 computer running the linux operating
system. We have considered several 100-node networks with
the number of links ranging from 197 links to 579 links with
nodal degree varying from 2 to 6. While we indicated earlier
that a stopping criterion is when the duality gap threshold of
0.5% is reached, we still let the program run for a minimum of
250 dual iterations; the maximum number of iterations is kept
at 1000. We report results using our algorithm described in

Section IV for both (PA1) and (PA3) in Tables X and XI which
correspond to objective function-A and composite objective
function, respectively.

From results for the 100-node network examples, we can
see that our algorithm is very fast, often taking less than a
minute of run time. We found that in general (PA1) took more
computing time than (PA3). On closer scrutiny, we found that
for (PA1), the ECMP flow allocation procedure (Algorithm 2)
was invoked more often compared to the corresponding case
for (PA3). In addition to taking less computing time, various
performance measures (such as ML, FT) are also found to be
more effective with (PA3) than (PA1).

VI. SUMMARY

In this work, we explore the problem of traffic engineering
an OSPF network by adjusting the link weights for different
objectives. In addition to flow minimization and minimize
maximum utilization as objectives, we also consider a compos-
ite function that combines both these objectives. We present
a new approach to find such a weight system. Our approach
is based on Lagrangian relaxation and dual optimization. The
technique is new in the sense of applying relaxation to the
dual of a problem. We found the technique to be very efficient
for weight system computation and very fast computationally.
In addition, the composite function as the objective was able
to generate solutions that perform well in terms of various
performance measures that are of interest to network providers.



TABLE VI

RESULTS FOR(PA1) FOR EXPERIMENTAL NETWORKS (WITH RANDOM DEMANDS)

(PAL

1 ) (PA1)
ENs ML FU FT ML FU FT F/I(NO, FE)
EN I 1.00 0.68 3.42 0.91 0.68 2.59 F(-)
EN II 1.00 0.61 4.43 0.94 0.61 2.60 F(-)
EN III 1.00 0.63 4.38 0.96 0.63 2.83 F(-)
EN IV 1.00 0.68 3.42 0.98 0.65 2.93 F(-)

TABLE VII

RESULTS FOR(PA1) FOR EXPERIMENTAL NETWORKS FOR50% ADDITIONAL CAPACITY (WITH RANDOM DEMANDS)

(PAL

1 ) (PA1)
ENs ML FU FT ML FU FT F/I(NO, FE)
EN I 0.91 0.45 1.71 0.61 0.45 1.55 F(-)
EN II 1.00 0.41 3.93 0.92 0.41 2.25 F(-)
EN III 1.00 0.42 2.88 0.77 0.42 1.50 F(-)
EN IV 1.00 0.42 3.27 0.74 0.42 1.56 F(-)

TABLE VIII

RESULTS FOR(PA3) FOR EXPERIMENTAL NETWORKS (WITH RANDOM DEMANDS)

(PAL

3 ) (PA3)
ENs (α, β) ML FU FT ML FU FT F/I(NO, FE)
EN I (0.9, 2048) 0.73 0.68 2.45 0.84 0.68 2.51 F(-)
EN II (0.9, 4) 0.87 0.61 2.50 0.87 0.61 2.33 F(-)
EN III (0.5, 181) 0.95 0.63 3.56 0.96 0.63 2.67 F(-)
EN IV (0.1, 90) 0.68 0.65 2.13 0.98 0.65 3.17 F(-)

TABLE IX

RESULTS FOR(PA3) FOR EXPERIMENTAL NETWORKS WITH 50% ADDITIONAL CAPACITY (WITH RANDOM DEMANDS)

(PAL

3 ) (PA3)
ENs (α, β) ML FU FT ML FU FT F/I(NO, FE)
EN I (0.9, 8) 0.61 0.45 1.52 0.61 0.45 1.54 F(-)
EN II (0.9, 4) 0.58 0.41 1.48 0.58 0.41 1.41 F(-)
EN III (0.5, 32) 0.64 0.42 1.46 0.64 0.42 1.42 F(-)
EN IV (0.9, 90) 0.69 0.42 1.59 0.69 0.42 1.50 F(-)
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